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Abstract. Differential Galois theory has played important roles in the the- 
ory of integrability of linear differential equation. In this paper we will extend 
the theory to nonlinear case and study the integrability of the first order non- 
linear differential equation. We will define for the differential equation the 
differential Galois group, will study the structure of the group, and will prove 
the equivalent between the existence of the Liouvillian first integral and the 
solvability of the corresponding differential Galois group. 
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1. Introduction 

1.1. Historical background. Despite the well studied of the existence of the so- 
lution of differential equation(s), it is usually impossible, except a very few types, 
to solve the differential equation(s) explicitly. The first rigorous proof of the non- 
solvability of a differential equation by method of quadrature was addressed by 
Liouville in 1840s^2|- Liouville's work was 'undoubtedly inspired by the results 
of Lagrange, Abel, and Galois on the non-solvability of algebraic equations by 
radicals' After the pioneer work of Liouville's, many approaches has been de- 
veloping to study the insight of integrability of differential equation. The con- 
cerning approaches include Lie group [21], monodromy group [TUI I34| . holonomy 
group 01 ID, differential Galois group El 133 Galois groupoid ^EIEU, etc.. 
Let us recall briefly the subject of differential Galois theory. For extensive survey, 
refer to P3 \M ED 

At first, we recall Liouville's result. An exposition of Liouville's method was 
given in |331 pp. 111-123]. Consider following second order linear differential equa- 
tion 

(1.1) y" + a(x)y = 0. 

Liouville proved that the 'simple' equation (|1.1|) either has a solution of 'simple' 
type, or cannot be solved by quadrature. Explicitly, the equation l|l.l|l with a(x) 
to be a rational function is solvable by quadrature if, and only if, it has a solution, 
u(x) say, such that u'(x)/u(x) is an algebraic function. This result proposed a 
scheme to determined whether the equation l|l.l|l is solvable through the algebraic 
function solution of the corresponding Riccati equation (let z = —y'/y) 

z' = z 2 + a(x). 

Algorithms for integrating l|l.l|) while a(x) is a rational function can be referred to 

Liouville's method was analytic. Another approach to the problem of integrabil- 
ity of homogenous linear ordinary differential equation, now named as differential 
Galois theory, was developed by Picard and Vessiot at the end of 19'th century(see 
references of ^2). The firm footing step following this theory was presented by 
Kolchin in the middle of the 20'th century^ E]- This approach start with a 
differential field K containing the coefficients of the linear differential equation 

(1.2) L(y) = + a x {x)y^ +■■■ + a n ^{x)y' + a n (x)y = 0. 

Let M to be the smallest differential field that contains K and all of the solutions 
of the linear differential equation. Kolchin proved the existence and uniqueness of 
the extension M/K provided that K has characteristic zero and an algebraically 
closed field of constant. This extension is called by Kolchin as the Picard- Vessiot 
extension associated to the linear differential equation. As in the classical Galois 
theory of polynomials, the differential Galois group of (|1.2(l . G = Gal (A// if), is 
defined as the set of all differential automorphisms of M that leaves K elementwise 
fixed. It has been proved by Kolchin that the differential Galois group is isomorphic 
to a linear algebraic group(see j^J Lemma 5.4]). An important said that the linear 
differential equation (|1.2|) is Liouvillian integrable (the general solution is obtained 
by a combination of algebraic functions, quadratures and exponential of quadra- 
tures) if, and only if, the identity component of the corresponding differential Galois 
group, which is a normal subgroup, is solvable. This result is similar to the Galois 
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theorem for the solvability of a polynomial equation by radicals. Furthermore, we 
can reobtain Liouville's result for the second order linear differential equation when 
n = 2. In recent decades, there were many works by Kovacic, Magid, Mitschi, 
Singer, Ulmer, et.al. that address to both direct and inverse problems of linear 
differential Galois theory, for example, see [U HU EH E2 EH \M EH EH For detail 
following this approach, one can refer to |9l 1131 |2"U1 1291 I32| and the references. 

Besides the linear systems, The solvability of first order nonlinear differential 
equation is also interested and will be the main subject of this paper. Consider the 
equation 

/j ^ dx2 _ X 2 (x 1 ,x 2 ) 

dxi Xi(xi,x 2 ) 

where Xi and X 2 are polynomials. The most profound result on the integrability 
of this equation was obtained by Singer P 12 7) in 1992. Singer proved that if (|1.3|1 
has a local Liouvillian first integral, then there is a Liouvillian first integral of the 
form 

(1.4) cj(xi,x 2 )= / RX 2 dxi - RXxdx 2 

J(x°,x°) 

where 

c(xi,X2) 



(1.5) i? = exp 



Udxi + Vdx 2 



with U and V are rational functions in x\ and x 2 such that 

dU/dx 2 = dV/dxL 

The existence of the integrating factor R in form of l|1.5|) was proved by Christopher 
[S| to be equivalent to the existence of an integrating factor of form 

where D, E and the Cj are polynomials in X\ and x 2 . The profound result by Singer 
was proved by the method of differential algebra. The same result was reproved 
independently using Liouville's method by Guan & Lei in [7j. From this result, if 
(|1.3I) has local Liouvillian first integral u>(xi, x 2 ) with form (|1.4I) . then 8fuj/8iLO are 
rational functions in x\ and x 2l here Si = Jj- (i = 1,2). 

Besides the differential Galois group, monodromy group of linear differential 
equation is also essential for the integrability of the equation. The monodromy 
group of a multi-valued complex function was studied by Khovanskii in 1970s. 
Khovanskii proved that a function is representable by quadrature if and only if its 
monodromy group is solvable 10 . As application, monodromy group of a linear dif- 
ferential equation plays essential role for integrating the equation by quadrature |34l 
pp. 128-130, Khovanskiy's Theorem]. In fact, monodromy group has close connec- 
tion with Galois group. It was shown in |2fi| that the monodromy group of a linear 
differential equation whose singular points are regular is Zariski dense in the Galois 
Group. In 1998, Zoladek extended the conception of monodromy group in 1998 to 
study the functions defined on CP™ with algebraic singular set The results 

were applied to study the structure of the monodromy group of the first integrals 
of a Liouvillian integrable Pfaff equation. Through these studies, the author was 
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able to extend Singer's result partly to the integrable polynomial Pfaff eauation|85l 
Multi-dimensional Singer's theorem]. 

In 1990s, the geometry methods were introduced by Camacho, Scardua, et. al. 
to study the Liouvillian integrability of nonlinear differential equation. The geom- 
etry methods focus on the characters of the foliation associated with the equation. 
In series of their works, the holonomy group that induced by an invariant algebraic 
curve of a polynomial system was studied0 EH ID- It was prove in that un- 
der some mild restrictions, if equation (|1.3fl admits Liouvillian first integral, then 
the foliation is either Darboux foliation or rational pull-back of an exponent two 
Bernoulli foliation. This result indicated the characters of the foliations of the 
Liouvillian integrable differential equation. 

In recent years, nonlinear differential Galois theory has become an active area 
of research. In 2001 Malgrange introduced the Galois groupoid associated to a 
foliation with meromorphic singularities |181 119 |. For linear differential equations, 
Malgrange showed that this groupoid coincides with the Galois group of the Picard- 
Vessiot theory and was able to proved the required results in the linear case|18|. 
However, the further development of groupoid theory to nonlinear differential equa- 
tion is needed |Tfl]. 

In this paper, we will propose a framework to address the nonlinear differential 
theory. We will focus on the differential Galois theory of the polynomial system. 
The basic ideal that we will propose is the view point of differential algebra that 
has been introduced by Picard and Vessiot and developed by Ritt and Kolchin for 
the differential Galois theory of linear differential equation. 

1.2. Preliminary knowledge of differential algebra. Before further introduc- 
tion, we give here a brief outline for the preliminary knowledge that concerning 
differential algebra. For detail, refer to [S] and |25|. 

Let A be a ring, by derivation of A we mean an additive mapping a i— > Sa of A 
into itself satisfying 

S(ab) = {5a)b + a{6b). 

We shall say 8a the derivative of a. The differential ring A is a commutative ring 
with unit together with a derivation 5. If there are to derivations of A, Si, i = 
1 , 2 • • • , to, satisfying 

SiSja — SjSia, Vi, j G {1, 2, • • • , to}, Va € A, 

we call A together with all the 5iS a partial differential ring. When A is a field, 
(partial) differential field can be defined similarly. In this paper, we will say differ- 
ential ring (field) for brevity for both differential ring (field) and partial differential 
ring (field). 

Let A be any ring, Y be a set of finite or infinite number of elements. We can 
form a ring A[Y] of polynomials of the elements in Y with coefficients from A. 
In particular, when A is a differential ring with derivations Si,-- - ,S m , and Y — 
{Viuia,— Am} (*j = 0, 1, ■ ■ ■ ) to be the ordinary indeterminates over A, we can extend 
the derivations of A to A[Y] uniquely by assigning yi 1 —ij +1 —i m as ^jj/i 1 ...j.----i m - 
Rewrite the notations as following 

3/io—o = y, Vii-i m = $i • --sinV- 

Following above procedure, we have added a differential indeterminate y to a dif- 
ferential ring A. We will denote the result differential ring as A{y}. The elements 
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of are differential polynomials in y. Suppose that A is a differential field, then 
A{y} is a differential integral domain, and its derivations can be extended uniquely 
to the quotient field. We write A(y) for this quotient field, and its elements are 
differential rational function of y. The notations { } and ( ) will also be used when 
the adjoined elements are not differential indeterminates, but rather elements of a 
larger differential ring or field. 

Let A be any differential ring, then all elements in A with derivatives form a 
subring C . This ring is called the ring of constants. If A is a field, so is C. Note 
that C contains the subring that generated by the unit element of A. 

Let A be a differential ring, with Si(i = 1, • • ■ , m) the derivations. We say an 
ideal I in A to be a differential ideal if a G I implies <5, a G / (Vi). An ideal / is said 
to be a prime ideal if AB G / always implies that A G / or B G /. Hereinafter, 
if not point out particularly, we use the term (prime) ideal in short for differential 
(prime) ideal. 

Let A and B be two differential rings. A differential homomorphism from A 
to B is a homomorphism (purely algebraically) which furthermore commutes with 
derivatives. The terms differential isomorphism and differential automorphism are 
self-explanatory. 

1.3. Summary. In this paper we will consider the nonlinear differential equation 

^ dx2_ _ X 2 (xi,x 2 ) 

dxi Xi(xi,x 2 ) 

where X\ and X 2 are polynomials. Following form of second order polynomial 
differential equation is also used to indicate the equation 



Correspondingly, we have following first order differential operator X that will be 
used to indicate the equation (|1.6|l or (|1.7|l . 



where Si = d/dxi. From the theory of differential equation 8, pp. 510-513], for any 
non-critical point x° = (a^,:^) G C 2 , these exists a non-constant solution of (|1.8|) 
ui(xi, x 2 ) that is analytic at x a . The solution cj(x\, x 2 ) is said a first integral of (|1.6(l 
at x°. Furthermore, following lemma can be derived directly from 1, Theorem 1, 



Lemma 1.1. Consider the differential equation (|1.6(l . if X± (x® , x 2 ) ^ and f(x 2 ) 
to be a function that analytic x 2 = x 2 , then there exists unique first integral 
uj{x\,x 2 ) of (11.6(1 . analytic at x° = [x\,x 2 ), and 

uj(x°,x 2 ) = f(x 2 ) 

for all x 2 in a neighborhood of x 2 . 

Through the existence of the first integrals of l|1.6|) at the regular point x°, we 
can define the Liouvillian integrability of (|1.6|) at x° as following. 

Definition 1.2. Let K be the differential field of rational functions of two variables 
with derivatives 5\ and S 2 , we say M to be a Liouvillian extension of K, if there 
exists r > and subfields Ki(i = 0, 1, • • ■ , r), such that: 



(1.7) 




X 1 (x 1 ,x 2 ) 
X 2 (xi,x 2 ) 



(1.8) 



X(ui) = (X 1 (x 1 ,x 2 )Si +X 2 {xx,x 2 )6 2 )u = 



pp. 98] 



K = K C K x C • • • C K r = M, 
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with Ki+i = Ki(ui), and itj € Ki+i\Ki satisfying one of the following: 

(1) m is algebraic over Ki\ 

(2) S jUi eKi (i = 1,2); 

(3) SjUt/meKi (j = 1,2). 

A function that contained in some Liouvillian extension of K is said a Liouvillian 
function. 

Definition 1.3. Let K be the differential field of rational functions of two variables, 
X be defined as (|1.8J) . then X is Liouvillian integrable at x° if there exists a first 
integral w of 1 at x° such that M — K(ui) is a Liouvillian extension of K. 

If X is Liouvillian integrable at one point x° G C 2 , there exists a first integral 
obtained from rational functions by finite combination steps of algebraic functions, 
quadratures and exponential of quadratures. It is easy to show by induction that 
this first integral is analytic on a dense open set on C 2 (refer [23 )• And hence X 
it is also Liouvillian integrable on a dense open set on C 2 . Therefore, we can also 
say that X is Liouvillian integrable. 

Definition 1.4. A group G is solvable if there exist a subgroup series 

G = G DG 1 D---D G m = {e} 
such that for any < i < m — 1, cither 

(1) \Gi/Gi + i \ is a finite group; or 

(2) Gj+i is a normal subgroup of Gi and d/Gi+i is Abelian. 
Following result will be proved in this paper. 

Main Theorem Consider the differential equation (|1 . f>|) . Assume that 
A"i(0, 0) ^ 0. Let K be the differential field of rational functions. Then (ll.tjfl is 
Liouvillian integrable if, and only if, the differential Galois group of (jl.tjfl over K 
at (0, 0) is solvable. 

This paper is arranged as following. We will define the differential Galois group 
in Section [3 The structure of the Galois group will be discussed in Section [3] 
The main theorem will be proved at Section As application, the differential 
Galois group of general Riccati and van der Pol equations are given in Section 0] 
Throughout this paper, the base field K will always means the field of all rational 
functions in x\ and X2 that contains all complex numbers C as the constant field. 

2. Differential Galois group 

In this section, we will present the definition of differential Galois group of the 
system (ll.6|) at the regular point x° = (x\,x^). To this end, we will at first define 
the group G[[e]] that acts at the first integrals of X at x°, secondly study the 
admissible differential isomorphism of l|1.6fl at x° that is an element of <?[[e]], and 
finally prove that all admissible differential isomorphisms form a subgroup of <?[[e]], 
and this subgroup will be defined as the differential Galois group of i|1.6fl at x°. 
Hereinafter, we assume that x° = (0, 0) for short. When we mention a first integral, 
we will always mean a first integral that analytic at (0, 0). Following notations will 
be used hereinafter. Let Ao denote the set of all functions f(z) of one variable that 
analytic at z = 0, and 

Al = {f(z)eAo\ /(0) = 0}, 
Al = {f(z)eA° \ /'(0)^0} 
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Let Q(o,o)PO denote the set of all first integral of that analytic at (0, 0), and 

n (o,o)PO = Mai>aj)6fi(o,o)l w(0,0) = 0}, 
nJ 0>0) (X) = Mn.iaje ^0)1 fcw(0,0)^0} 
Therefore, f(z) := w(0, z) £ Aj for w 6 f2j 0) (X). 

2.1. Structure of first integrals at a regular point. Since we will focus on the 
Liouvillian integrability of the polynomial system (|1.6(l , it is enough to concentrate 
on the first integrals in f2* \(X) by following lemma. 

Lemma 2.1. If X is Liouvillian integrable at (0,0), then there exists a first integral 
u> G £2/ ffi(X), such that M = K(u>) is a Liouvillian extension of K. 

Proof. Let u be a first integral such that M(u) is a Liouvillian extension of K. If 
u G nL ) (X), then the lemma has been concluded. If u> £ Q^ n (X), we can always 
assume that u G 09 Q Q j (X) by subtracting a constant tt(0, 0) from u. Let 

u(0,X2) = y^^jxl, k>2,a k ^Q 

i>k 

and 

1/k / v 1/fc 



f(x 2 ) = ^uj(0,x 2 ) = ^a t x l 2 =x 2 \ ^aiX 1 1 



i A 2 



i>k / \ i>k 



Then f(x 2 ) G A$. From Lemma fl. II there is unique first integral u> G f2(o,o)(-^Oj 
such that u>(0, x<z) = f(x 2 ) and therewith u> G fij )P0- Moreover, it follows from 
f(x 2 ) k = u(0, x 2 ) that w fc = u, and hence if (w) is a Liouvillian extension of if. □ 

From Lemma fl. II there is a one-to-one correspondence between n^ QQ ^(X) and 
Al- Hence, the structure of fiL ^ (X) can be described by that of A\. It is obvious 
that A}> contains the identity function e(z) = z, and for any f(z),g(z) G -4q, 
/ o <?(z) G .4J and f^ 1 {z) G -4j. Hence, is a group with the composition as the 
multiply operation. Furthermore, we have the following result. 

Lemma 2.2. For any uj G fiL Q \(X), have 

«(o,o)W = {/HI/6 4}=:4H 
Proof. It's obvious that /(w) G f2° )(-X") for any / G Aq. Moreover, 

^M(0,0) = /'(0)^(0,0)^0, 
ox 2 

hence f(ui) G s(X) and therewith -4j(w) C r2j )P0- 
For any u, u G fiJ )(X), let 

Sf(3C2) = w(0, £2), h{x2)=u{Q,xi) 

then -4j. Hence, f — ho g^ 1 G .4J, and f(g(x 2 )) = h(x 2 ), i.e. /(w(0, £2)) = 

w(0, 12). By Lemma fl. II it = /(w) and hence Oq (X) C .Ag(w), the proposition is 
followed. □ 
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The elements in Aq are map to 0. To take the case that maps to a nonzero 
value into account, we adjoin an infinitesimal variable e to the constant field C 
and consider the ring of infinite scries of e with coefficients in C. We denoted this 
extended constant ring as C[[e]]. We have the following: 

(1) A series ^2 i>0 Cie 1 equal to if and only if all coefficients Cj are equal to 0; 

(2) (5ie = (5 2 e = 
Consider the infinite power series 

/(z;e) = £ /^VeC[[ Z ,4 

i,j>0 

The series /(z;e) is said analytic if it is convergent when (z,e) take values in 
neighborhood of (0,0). We can also write an analytic series as 

oo 

(2-1) /(z;e) = X>(*K 

i=0 

where fi(z) G Aq. We will denote all analytic series as -4o[[e]]- Let 
g[[e}} = {.f(z-e) = Y,fi(*)j e MM] | fo(z) S A 1 ,} 

i>0 

and define the multiplication in G[[e\] as: 

/(z; e) ■ g(z- e) = f(g(z; e); e), /(z; e), g(z; e) e G[[e]} 

Then we have 

Lemma 2.3. (<?[[e]], •) is a group. 

Proof. At first, we will show that for any /(z; e), g(z; e) G S[[e]], f{z;e) ■ g(z;e) G 
S[[e]]. Let 

Then f(z;e) and <?(z;e) are analytic functions of z,e at (0,0). Since g(0, 0) = 
<7o(0) = 0, f(g(z; e); e) is also an analytic function at (0,0), i.e., f(g(z;e);e) G 
A[[e]]. Moreover, /( 5 (z;0);0) = ,/o(.9o(z)) G ^ and therewith /(z; e) ■ 5(2;; e) G 

It is easy to verify that 

(/(*; e ) • £ )) • e ) = e ) ■ (5(2; e ) • M^; e )) 

We can embed .4q into ^[[e]] by identifying /(z) G A\ with /(z;0) = f(z) + 
E,>i0-e l G ^[[e]]. Then e(z;0) =' e(z) G Q[[e]], and for any /(z;e) G 0[[e]], 

e(z; 0) • /(z; e) - e(/(z; e); 0) = /(z; e), /(z; e) • e(z; 0) = /(e(z; 0); e) = /(z; e) 

Thus, e(z;0) is also an identity of G[[e]]. 

We have, for any /(z; e) G £[[e]], (d//<9z)(0, 0) ^ 0. Thus, the equation 

u = /(z; e) 

has unique solution z = f~ x {u; e) in the neighborhood of (0, 0) such that 

u = f(f-\u;e)). 

In particular, z = /(/ _1 (z; e); e), and z = / _1 (u;e) = / _1 (/(z; e); e). Thus, 
/ _1 (z;e) is the inverse element of /(z;e). Furthermore, / _1 (z;e) is analytic at 
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(0,0), and f- 1 (z;0) G A\. Thus, we conclude that f^ 1 {z;e) G G[[e}} and the 
lemma has been proved. □ 

For any a = f(z; e) G £7[[e]] and lo G f2j -,, we define the action of a at u> as 
era) = f(u;e). This is well defined at the neighborhood of (0,0). Taking account 
that 

X(f(u; e)) = X(J2 M^V) = E XifMY = 

i>0 i>0 

a maps a first integral lo to another first integral f(u>;e). 
Let h(z;e) G -4o[[e]] and /(z;e) G G[[e\], then 

h(z;e) ■ f(z;e) = h(f(z;e);e) & A [[e}} 

is well defined, and (h(z; e) ■ f(z; e))u) — h(f(co; e); e). 



2.2. Admissible differential isomorphism. For any given lo G fi* )PO, an ex- 
tension field M of X is obtained by adjoining lo to K, and denoted as M = K(lo). 
Throughout this paper, if not mentioned particularly, lo will always means a de- 
terminate first integral. In this subsection, we will define and study the admissible 
differential isomorphism that is an element of the group Q[[e\] with additional con- 
ditions. Throughout this paper, we will call compactly a map u : w h ct(lo) a 
differential isomorphism if there exists a differential isomorphism from K(lo) to 
K(<t(lu)) that maps lo to <j(lu) with elements in K fixed. 

Definition 2.4. Let M = K(lo) with lo G fl} Q0 JX). An admissible differential 
isomorphism of M/K with respect to X at (0,0) (a.d.L, singular and plural) is a 
map a that acts on M with the following properties: 

(1) a maps lo to f{to;e) with f(z;e) G G[[e]]; 

(2) o~ '. to i ► /(w; e) is a differential isomorphism; 

(3) for any hi(z;e) G (1 < i < m < oo), er can be extended to a 
differential isomorphism of K(lo, hi(u); e), ■ ■ ■ , h m (co; e)) that maps hi{to; e) 
to hi(f(u); e); e), respectively, with K elementwise fixed. 

We denote by Ad(M/K, X)( ) the set of all a.d.i. of M/K with respect to X at 
(0,0). 

Following two Lemmas show that Ad(M/K, ^0(o,o) 1S a subgroup of Q[[e]]. 

Lemma 2.5. If a, t G Ad(M/K, X)( 0;0 ), then a ■ t G Ad(M/K, X)( 0;0 ). 

Proof. For any c = /i(z; e) G ^4o[[ £ ]L we will prove that cr • r : w (u • r)w can be 
extended to a differential isomorphism of K(lo, <;lo) that maps <;lo to (<r • a ■ t)lo with 
if elementwise fixed. 

Since r G Ad(M/K,X)^ ^, r is well defined in K(lo,o-lo, (<j • ct)u>). Hence, the 
restriction of r at K(o~lo, (<; ■ o~)to) is a differential isomorphism that maps o~lo and 
(q ■ o)lo to (a ■ t)lo and (<; ■ a ■ t)lo, respectively, with K elementwise fixed. Consider 
the following 
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K{u>,quj) — <~ K ((a ■ t)uj , (q ■ a ■ t)uj) 




K(acu, (? • a)w) 



where a and T\K(au,(<;-a)u>) are differential isomorphisms with K elcmentwise fixed, 
ft follows that a ■ r is also a differential isomorphism with K elementwise fixed. 
The extension of a ■ t to K (u>, h\U), • • • , h m u>) can be proved similarly. Thus a ■ r G 
AJfM/tf.Jfyo.o). □ 

Lemma 2.6. If a £ Ad(M/K,X)( . 0) . then er^ 1 G Ad(M/K, X)( 0j0 y 

Proof. Similarly, it's sufficient to prove that for any ? = h(z;e) G .4o[[ e ]]j o - can 
be extended to a differential isomorphism of K(lu,c;lu) that maps to (5 • o~~ 1 )uj 
with if elementwise fixed. 

Consider the extension of a to K(lj, o~~ 1 uj, (? • ct _1 )w} that maps <7 _1 ii; and • 
(T _1 )oj to (cr _1 • cr)w = a; and (5 • c -1 • a)ui — ^ui, respectively. Hence, the restricted 
map o~\k( (7 -i uj ,(s-<j- 1 )u) i s a differential isomorphism that maps K(a~ 1 uj, (q-a^ 1 )^) 
to K(u!,^u>) with K elementwise fixed. Let r = {o\ K ^ a -i^ ,(f.o— Mw)) , then r : 
K(bj^uj) 1 > if (<t _1 o;, (<r • er -1 )a;) is a differential isomorphism that maps and 

to (7~ 1 o' and (V • a^ 1 )^ respectively, with K elementwise fixed. Thus, we have 
a- 1 = t G Ad(M/K,X) {0;0) . □ 

2.3. Differential Galois group. From Lemma 1231 EHfl Ad(M/K,X)^ is a 
subgroup of <7[[e]]. We will show that this subgroup is our desired differential 
Galois group. 

Definition 2.7. Let X be defined as (|f ,8|l . K be the field of rational functions, 
u> G ilj^Q^X) and M = K{oS). The differential Galois group of M/K with respect 
to X at (0, 0), denoted as Gal(M/K, X)( ,o)i is defined as the subgroup of G[[e]] of 
all elements in Ad(M/K, Jf)( 0j o)- 

Following two Lemmas show that the differential Galois group is determined 
'uniquely' by the differential operator X (or the differential equation Ijf .ty ). 

Lemma 2.8. Let u G Qj ^(X) and N — K(u), then 

Gal(7V/X,X) (0j0) = Gal(M/K,X) (m . 

Proof. By Lemma [2.21 u G £l^ ^(X) = Aq(uj). There is a function h G Aq such 
that u = h(uj). Let r = h(z; 0) G <?[[e]], then u = tlo, i.e., lo = t^ 1 u. 

For any o G Gal(M/if, X)( 0j o), we will show that t ■ o ■ r _1 G Gal(N/K 7 X) (0j0 ). 
To this end, we only need to show that for any c; G ^4o[[e]], t-ct-t -1 can be extended 
to a differential isomorphism of K(u,qu) that maps u and to (r • a ■ t~ x )u and 
(<; • r • <7 • t~ 1 )u respectively, with K elementwise fixed. 

Since a G G&\(M/K 7 -X")(o,o) an d t, (<T ■ r) G _4o[[ £ ]L c can be extended to 
K (lo, tlo, (5 • t)lo) that maps tlo — u and (<; • t)lu — <,u to (r • cr)w = (r • <r • r _1 )u 
and • t ■ o)lo ~ (<; ■ r ■ a ■ t^)u respectively. Hence, o~\k( u ,c;u) , the restriction of a 
to K(u, <;u), is a differential isomorphism that maps u and <;u to (r • cr • t~ 1 )u and 
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(t • r • a ■ t 1 )m respectively, with K elements fixed. Thus, we have r • a ■ t 1 G 
G&l(N/K, X)(Q ). In fact, we have further that r ■ a ■ t^ 1 \ k ^ = <j\k(u)- 

Similarly, for any rj G G&1(N/K,X) (0>0) , r" 1 • n • r G Gal{M/K, X) (0l0 ). Thus 
a- i ► r _1 • a • t is an isomorphism between Ga^M/if, X)( ,o) an d Gal(N/K, X)( 00 y 
The Lemma has been proved. □ 

Lemma T2. 81 shows that the differential Galois group of (|1.6|l at (0,0) is indepen- 
dent to the choice of the first integral u>. The groups are different from a diffeomor- 
phism for different choices of the first integrals. Following lemma will show that 
in particular cases, the group is also independent to the choices of regular points. 
We will prove latter (Theorem 13. 9|) that these are all possible cases given that the 
group is of finite order. 

Lemma 2.9. Assume that u G QL 0) (X), M = K(w), and G = Gsl{M / K , X) ^ , 
we have the following: 

(1) If to £ K, then ulj — to,\/a G G; 

(2) // (S2Lu) n G K for some n G N, then o~uj — /i n Lu + c(e), Vct G G, where fi n is 
a n-th root of unity; 

(3) If H\io I b"iio G K , then auj — a(e)u> + c(e), Ver G G; 

(4) If(2(62Lu){6lLu)-3(5%Lo) 2 )/(6 2 Lu) 2 e K, thenar = . +c(e), Va G G. 

I + b(e)u) 

Here a(e), 6(e), c(e) G -4o[[e]] nC[[e]], and c(0) = 0. Moreover, for any (x1,x 2 ) such 
that Xi(xi,x 2 ) ^ and uj is analytic at {x\,x 2 ) with 52<jj(x\ 1 x®) ^ 0, the first 
integral u that defined as u = uj — uj(x1,X2) is contained in ^ x o x o^(X), and above 
results (l)-(4) are also valid for alia G Gal{K (u) / K , X) ^ x o^ x oy 

Proof. The first part is proved as follows. 

(1) is evident. 

(2) . Let {8 2 u)) n =aeK, then 

a - (S 2 Lu) n = 

Clearly, for any a ~ f(z; e) G G, 

= a(a- (5 2 cj) n ) = a - (fc(<r(w)))" =a- (S 2 (f (cj; e)))" = a- />; e) n (S 2 u>) n 

Hereinafter, /' means the derivative of f(z; e) with respect to z. Thus, we have 
f'(uj; e) n — 1 and therewith f(uj; e) = /i„w + c(e), where c(e) G -4o[[e]] H C[[e]] and 
fj, n is a n-th root of unity. 

(3) . Let S 2 u/S 2 u) = a G K, then 

S 2 ui — aS 2 uJ = 

For any a = f(z; e) G G, 

= o{&\lq — ab~2u) 
= S^i^Ld) — aS2(auj) 
= 6 2 2(f(cj;e))~a52(f(Lo;e)) 
= />; e)(6 2 u;) 2 + f'{uj- e)5 2 2 Lo - af'(u; e)S 2 uj 
= />;e)(<M 2 

Hence, we have f"(ui;e) — and therefore auj = f(ui;e) = a(e)ui + c(e) for some 
o(e),c(e)e^o[[e]]nC[[c]]. 
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(4). Let (2(6 2 u})(6%w) - 3(S%lo) 2 ) / '(5 2 u) 2 = aeK, then 

2(S 2 u)(6^u) - 3((5^) 2 - a{5 2 uj) 2 = 

For any a — f(z; e) G G, 

= £7 (2(5 2 w)(5|o;) -3(£fu;) 2 - a(<5 2 w) 2 ) 

= 25 2 (CTw)(5i(<Tw)) - 3((5|((jcj)) 2 - a(6 2 (cra>)) 2 

= 2J 2 (/(w; e))(<Jf (/(w; e))) - 3(<5 2 (/(c; e))) 2 - a(c5 2 (/( W ; e))) 2 

= 2/'(w; e)(5 2 Lu) (/'"(a;; e)(^) 3 + 3/" (a;; e)(5 2 w)(c5 2 2 W ) + /'(w; e)<5 3 w) 

- 3 (/>; e)(<5 2 c) 2 + 6)(<^)) 2 - a e)(<5 2 c)) 2 

= 2/'(w; e)/>; e)(«5 2 u;) 4 + 6f(u; e)/>; e)^) 2 ^) + 2(/'(w; e)) 2 (5 2 w)(Jfw) 

- 3(/>;e)) 2 (5 2 u;) 4 - 6/'(w; e)/>; e)(5 2 w)(<&;) - 3(/'(a;; e)) 2 (^) 2 - a(/' (w; e)) 2 (£ 2 u;) 2 
= (2/'( W ; e)/» - 3(/>; e)) 2 ) (<5 2 c) 4 + e)) 2 (2(<5 2W )(<5 3 w ) - 3(<5 2 w ) 2 - a(6 2 u) 2 ) 

= (2/'( W ;e)/>)-3(/>;e)) 2 )(<J 2 w) 4 

Hence, we have 

2/'( W ;e)/>;e)-3(/>;e)) 2 = 
The general solution of this equation yields that 

/(w;e) = ITK^ + c(e) 

for some a(e), b(e), c(e) G nC[[e]]. 

Finally, taking account that f(z;e) G £7[[e]], we have c(0) = 0. 

For the second part, it's obvious that u G fij- \P0j and above discussions are 
also valid for u. The proof is complete. □ 

Similar to classical Galois theory, for any differential subfield L of M containing 
K, let 

L' = {a G Gal(M/if,X)( 0) o)| era = a,Va e L} 

be the subset of Gal(M/ K, X)( ^ consisting of all a.d.i. leaving L elementwise 
fixed. For any subgroup H of G, let 

H' = {ae M\ aa = a, Ver G if} 

be the set of all elements in M left fixed by H. We have the following result. 

Lemma 2.10. Let L, L\, L 2 be subfields of M containing K , H, Hi, H 2 be subgroups 
ofG, then 

(1) L' is subgroup of G , H' is subfield of M; 

(2) L C L", H C ff"; 

(3) Li3I 2 ^ Li C L 2 ; 

(4) H! D H 2 H[ C H' 2 . 

Let L to be a subfield of M that contains if. We can also consider M as an 
extension field of L by M = K(u>) = L(oj) and the differential Galois group of M/L 
with respect to X at (0, 0) can be defined through the same procedure. We denote 
this Galois group as Gal(M/L, X)( 0;0 ). 
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Lemma 2.11. Let L be the subfield of M containing K, then 

Gal(M/L,X) m =L' 
In particular, Gal(M/K, A)( .o) = K' . 

Proof. It is easy to have Gal(M/L, -X") (0 ,o) Q L' . We will show that L' C Gal(Af /L, X)( , )- 
For a £ L' and <; £ G[[e]], upon K C L C K(uj,<;u) and K C L C K(acj, (<j • cr)w), 
we have 

L(w, cw) = if (w, L{au>, (<; ■ ct)lj) — K(au>, (? • <t)o;). 
By definition 12.41 a is a differential isomorphism of K(lo,<;lj) onto K(au>, (<; • a)w). 
Hence, tr is a differential isomorphism of L{oj, <;lu) onto L{ato, (5 ■ c)uj), with L ele- 
mentwise fixed. From which we conclude that a £ Gal(M/L, X)( ,o) an d therewith 
i' C Gal(Af/L, X)( ,o)- The Lemma has been proved. □ 

Lemma 2.12. |SJ Lemma 3.1] Let M — K(lu), L and N be differential subfields 
of M containing K with N D L, [N : L] — n. Let L' and N' be the corresponding 
subgroups of Gal(M/ K, X)( Q y Then the index of N' in L' is at mostn. 

Lemma 2.13. H Lemma 3.2] Let M = K{lo),G = Gal{M / K, X)^^ and H and 
J be subgroups of G with H D J and J of index n in H . Let H' and J' be the 
corresponding intermediate differential fields. Then [J' : H'] < n. 

3. Structure of Differential Galois group 

We will consider in this section the structure of the differential Galois group 
Gal(M/i4T, X)( 0i o)- Firstly, we introduce several preliminary definitions for describ- 
ing the structure of the differential Galois group. 

3.1. Generalized differential polynomial. Let y be an indeterminate over K, 
and denote by Ao(y) the ring 

Mv) = if(y) I / e M- 

Adjoining Ao(y) to K will result to a ring K[Ao(y)] with elements of form 

n 
i=l 

where £ K, fi £ _4 - Furthermore, the ring K[Ao{y)] is able to be extended to a 
differential ring, denoted by K{Ao(y)}, through the derivatives 5i and 82 by 

Sif{v) = f'(v)6iV, (i = l,2,/£A), 
hQffiy) = <5f +1 4y, 8 2 {8 k Ay) = 8<[S 2 +1 y, 
where /' is a derivative of / and contained in Aq. It is easy to know that elements 
in K{Ao(y)} are polynomials in the derivatives 8\8 l 2 y (k,l £ N), with coefficients 
in K[Ao(y)]. Being distinguish with differential polynomial, the coefficients of the 
elements in K{Ag(y)} contain not only the polynomial of y, but also the terms 
of form f(y) with / £ Aq. We will say such a polynomial of the derivatives with 
coefficients consist of the combination of polynomials in y and functions f(y) with 
/ £ Aq to be a quasi- differential polynomial (QDP). A proper quasi- differential 
polynomial (PQDP) is a QDP that involves at least one proper derivatives of y. 
A regular prime ideal of K{Ao(y)} is a prime ideal A £ K{Ao(y)} that contains 
exclusively PQDP. It is the regular prime ideal A £ K{Ao(y)} that we will be 
interested in (see Theorem I3.7JI . The terms and results concerning differential 
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polynomial are applicable to the PQDP. Let us recall a few basic facts on the 
differential polynomial, for detail, refer to |25| . 

Definition 3.1. Let 



be proper derivatives of y, u>2 is higher then w\ if ji > i\ or ji = i\ and j% > ii. A 
proper derivative of y is always higher then y. 

Definition 3.2. Let A be a QDP, if A involves proper derivative of y, by the leader 
of A, we mean the highest of those derivatives of y involved in A. If A involves y 
but no proper derivatives of y, then the leader of A is y. Let Ai be a QDP, and Ai 
be a PQDP, we say Ai to be of higher rank than A±, if either 

(1) . A2 has a higher leader than A\; or 

(2) . A\ and A2 have the same leader (which is a proper derivative of y), and 

the degree of A2 in the leader exceeds that of A\ . 

Two QDP for which no difference in the rank as created above will be said to be 
of the same rank. 

Definition 3.3. Let A\ be a PQDP, A2 is said to be reduced with respect to A\ 
if A2 contains no proper derivative of the leader of A\, and A2 is either zero or of 
lower degree than A\ in the leader of A±. Consider a collection of PQDP 



if a QDP B is reduced with respect to all the Ai, (i — 1, • • • , r), then B is said to 
be reduced with respect to E. 

Definition 3.4. Let F be a PQDP with leader p, the QDP dF/dp is said the 
separant of F. The coefficient of the highest power of p in F is said the initial of 
F. 

Lemma 3.5. |251 pp. 6] Let Si and Ii be, respectively, the separant and initial of Ai 
in (|3.1|l and F be a QDP There exist nonnegative integers Si,ti,i = 1, ••• ,r, such 
that when a suitable linear combination of the A and their derivatives is subtracted 
from 



the remainder is reduced with respect to 

Let A £ K{A (y)} be a regular prime idea, and X(y) = Xi5iy + X 2 S2y € A. Let 
A(y) £ A with the lowest rank and irreducible. If A 2 {X(y)}, here {X(y)} is the 
differential ring generated by X(y), then A{y) involves no 5\y and its derivatives. 
Let 8%y to be the leader of A(y). Then A(y) is a polynomial of the derivatives 
82V, <5fy>"" ^2Vi wrtri coefficients A i (x 1 ,X2 1 y) £ K[Ao(y)]. By Lemma EHfl the 
regular prime idea A is the least regular prime idea containing X{y) and A(y). 
Thus, by the characteristic set of A consist of A(y) and X(y). We will see 
latter that the number r is important to determine the structure of A, and named 
as the order of A, denoted by ord(A) = r. If A = {X(y)}, then the characteristic 
set of A contains only one element X(y) and the order is said to be 00. 



wi = 5[-8%y, w 2 = 6{ 1 6i 2 y, 



(3.1) 



H = {Ax,A 2 ,-- - ,A r } 




qs r jt\ jt r rp 

LJ j, ± ' ' ' lj, J. , 
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3.2. Structure of the Differential Galois Group. 

Lemma 3.6. If there exists A(y) G K[Ao(y)] (A(y) ^ 0), and ui G il^ 00 ^(X), such 
that A(lj{x\, X2)) = for all (x\,X2) in a neighborhood of (0,0), then K contains 
a first integral of X . 

Proof. Hereinafter, we will write A(cu) = in short for A(cl>(.ti, X2)) = for all 
(xi,X2) in a neighborhood of (0,0). Let 

S = {A{y) G K[MV)}\ A(u) = 0, A(y) £ 0}. 

Then S ^ 0. Write A(y) G S as 

n 

A{y) = Y. a ^y)' 
fc=l 

with afe G K, fk(y) G Ao(jj). Among all such expressions, there exists one, of 
which the length n is the smallest. We denote by n(A) the length and call it the 
length of A(y). Let A(y) to be the element in So with the smallest length. 

If n(A) — 1, then A(y) = Q.ifx(y), and hence /i(w) = 0, i.e., w is a constant. 
Therefore, n > 1 since u) can not be a constant. 

Upon n > 1, write 

A(y) = 01/1 (y) + a 2 f 2 (y) + ■■■ + a n f„(y), (n = n{A)) 

then 

A(u>) = + a 2 / 2 (w) H h a n f n (u) = 

and 

X (^(w)) = X ( ai )/i(a;) + X(a 2 )/ 2 (w) + • • • + X(a n )/ n (u;) = 0. 
Therefore 

ai X(A(^)) - X(ai)A(w) = £)(aiA-(a,) - AMa^M = 0. 
We have for any i = 2, • • • , n, 

(3.2) aiX(ai)-X(ai)cti = 0. 

If on the contrary, aiX(ai) — X(ai)ai ^ for some i, then 

n 

B(y) = J2(aiX(c*i) ~ X( ai )a t )My) 

i=2 

is contained in So with smaller length then that of A(y), contradict. By l|3.2|l . we 
have Xipti/oix) — 0. It is evident that q,%Jol\ is not a constant, and hence a^/ai is 
a first integral of X contained in K. □ 

From Lemma f3. 61 if K contains no first integral of X, and a A(y) G K{Ao(y)} 
such that A(ui) = for some u> G fi^ \(X), then A(y) must involve some proper 
derivatives of y, i.e., A(y) is a PQDP. 

Theorem 3.7. Let K be the differential field that contains no first integral of X . 
Let M = K(lu) with u> G ilJ 00 ^(X). Then there exists a regular prime ideal A of 
PQDP, such that: 

(1). For every a f G Gal(M/if, X) (0 , ), let a f w = f(uj;e) (f(z;e) G Q[[e]]), then 
f(w(xi,X2);e) satisfies A. 
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(2). Given f(z;e) G G[[(]] such that f(u>(xi,X2);e) satisfies A, there exists <jf G 
Gal(M/K, X)( ,o) such that cr/(w) = f(uj;e). 
Here u(x\, x^ \ e) satisfies A means that for any F(x\, X2, y, S\y, 62V, • ■ ■ ) £ A, while 
substitute y and the derivatives in F with u and the corresponding derivatives, the 
resulting expression is zero for all X\,X2 and e small enough. 

Proof. Let y be a differential indeterminate over K, define the natural homomor- 
phism from K{Ao(y)} to K{Ao(co)} that maps h(y) to h(oj) (V/i G Ao). Let A to 
be the kernel of the homomorphism, then A is a regular prime ideal of K{Ao(y)}. 
We will prove that A fulfil the requirement of the Theorem. 

(f). Let 07 G Gal{M/K,X) (m and a f uj = f(cu;e). Then f(z;e) G G[[e}}. For 
any F(y) G A, i.e., F(uj) = 0, there exist hi G Ao (i = 1, • ■ ■ , m), such that 
F(y) G K {y, h\(y), ■ ■ ■ ,h m (y)}. Denote F(y) as the differential polynomial of 
hi(y),--- ,h m {y) 

F(y) = F(y,h 1 (y),--- ,h m (y)) 

and therefore 

F(cj,hi(uj), ■ ■ ■ ,h m (cj)) = 
Since Of G Gal(M/K, X)r m, Of can be extended to a differential isomorphism of 
K{u>, hi(ui), • • • , h m (u)} that maps to and hi(uj) to f(u>; e) and hi(f(ui; e)) respec- 
tively. Thus, we have 

e), • ■ ■ . M/fa e))) = 0. 

The requirement (f) has been proved. 

(2). Now assume that f(z; e) in Q[[e]\ such that /(w; e) satisfies A, we will show 
that Of G Gal(M/K, X). For any h\{z; e), • • • , fo m (z; e) G ^4 [[ e ]], consider the maps 

7T : K(y,h 1 (y;e)),--- ,h m (y;e)) ^> K(u, h^u; e), • • • , h m (u; e)> 

1/ •-»• w 

/i(y;e) ft(w;e) 

and 

tt,, : K{y,h l {y;e),--- ,h m (y;e)) i-> e), e); e), • • • , h m (f(u; e); e)> 

y >-> / (w; e) 

%;e) 1 > h(f(uj;e);e) 

Sjy 1 — ► 

where /i G -4o [ [e] ] an d J — 1, 2. Let the kernels of it and 7r CT be T and r CT , respectively. 
We will complete the proof by showing that r = T a . 

We write F(y, hi(y; e), • • ■ , h m (y; e)) G T in form of the power series in e 



F{y,hi{y;e),--- ,h m (y;e)) = ^ ^(y, h itl (y), ■ ■ ■ ,h^ m% {y))e l (h itj G Ao) 

i=0 

where Fj are differential polynomials. Then 

00 

= F{u>,h\{u\e), ■ ■ ■ ,h m (u;e)) = ^ Fi(iv, h itl (u)), ■ ■ ■ ,h^ mi {u:))e l 

i=0 

i.e., Fi(uj, hi t i(oj), • • • , hi imi (oj)) = 0. Thus, the coefficients Fi are contained in A. 
Now, assume that /(w; e) satisfies A, then 

Fi(f(uj;e),h itl (f(ij;e)),--- ,h i , mt (f(u;e)))=0, (Vi) 
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Thus, 

F(f(uj; e)Mf("\ — : M/fa = 
and hence F(y, h\(y\ e), • • ■ , h m {y; e)) E L^. Therefore, rcr 5 . 

We will prove that r<j C r. If on the contrary, there exists F(y; e) £ T a but 
F(y; e) L, then 

F(w; e) = F(u, h^cu; e), ■ ■ • , ft m (w; e)) + 

and 

F(/(w; e); e) = F(/(w; e), ft (/(a;; e); e), • • ■ , e ); e )) = ° 

Write F(y; e) as a power series in e 

oo 

F(y; e) = J2 F(y)e\ (F(y) £ ff{.4o(l/)}) 

»=o 

and let k the smallest index such that Fi(y) £ A for any < i < k — 1 and 
Ffc(y) A. By the assumption that /(w; e) satisfies A, we have Fj(/(w; e)) = for 
any < i < fc — 1. Thus, let fo(z) — f(z; 0), we have 

= F(/(w; e); e) = e fc F fc (/(^; e)) + £ e)K = F k (f (uj))e k + h.o.t. 

i>k+l 

and therewith F/c(/o(w)) = 0. 

Now, we obtain a F k {y) g" A, and F k (fo(oj)) = 0. Let in A with the lowest 
rank, and hence A(y) and X(y) make up the characteristic set of A. Let S(y) 
and I(y) the separant and initial of A(y), respectively (If A = {X(y)}, we take 
S(y) = I(y) = X2(xi,x%)). It is clear that S(y),I(y) A. By Lemma 1531 there 
exist nonnegative integrals s, t, and R{y) £ K{Ao(y)} that reduces with respect to 
A, such that 

S( y yi(y) t F k (y)-R(y)eA. 

Since A is a prime ideal and S(y), I(y), F k (y) <j£ A, we have S{y) s I(y) t F k {y) g A, 
and thus R(y) ^ 0. By above discussion, we have /o(w) satisfies both A and 
F k (y), and hence R(fo(u))) = 0, which implies that R(f (y)) £ A. Whereas, simple 
computation shows that R(fo(y)) has the same rank as R(y), and therefore reduce 
with respect to A, which is contradict. Hence we have T a C L. 

It follows from above discussion that L = L CT . Consequently, K(ui, fti(w; e), • • ■ , ft m (i 
is isomorphic to K{f(u>; e),hx{f{u>) e); e), • ■ • , h m (f(v; e); e)) with the isomorphism 
cr : a; i— > /(a>; e), ftj(a;; e) t— * hi(f(u>; e); e). Therefore, cr is an admissible differential 
isomorphism. The theorem has been proved. □ 

Remark 3.8. (1) Recall the order of A defined in Section 13.11 If -A(y) and 
X{y) make up the characteristic set of A, and the highest derivative of 
A(y) is 5 r 2 y (0 < r < +oo), then ord(A) = r. If A = {X(y)}, then 
ord(A) = oo. It's easy to derive from Theorem 13.71 that if ord(A) = oo, 
thenGal(M/K,X) m =G[[e]]. 

(2) If there exists g £ Aq such that g(ui) — u is contained in K, then g(y) — u£ 
A. We say in this case that the order of A is 0. 

(3) We will also define the order of the differential Galois group to be the order 
of A. 

Theorem 3.9. Let r = ord(A) with A the prime ideal in Theorem \3. 1\ then either 
< r < 3 or r = oo. Moreover, we have the following 
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(1) lfr = 0, then K contains a first integral of X, and 

(3.3) Gal(M/K,X) m = {e} 

(2) If r = 1, then there exists ui £ fiL \(X) such that {5-2^>) n £ K for some 
n £ N. Let M = K(lu), then 

(3.4) Gal(M/K, X) m = {/(*; e) £ Q[[e}] | f(z; e) = fiz + c(e), c(0) = 0, M " = 1} 

(3) If r = 2, then there exist u> £ Vtl 00 JX) such that S^jjjb^ui £ K. Let 
M = K{lo), then 

(3.5) Ga\(M/K, X) (0 ,o) = {/(«; e) £ G[[e]] | /(z; e) - o(e)z + c(e), c(0) = 0} 

(4) If r = 3, </ien t/iere exists lu £ f^ Q % (X) swc/i f/iaf 

(S 2 w • — 3(5^ 



(<5 2 ^) 2 

Let M = K{uj), than 



£ K 



(3.6) G a \(M/K, X) m = {/(z; e) e S[[ e ]] /(z; e) - - + c(e), c(0) = 0} 



1 + 6(e)z 



(5) Ifr = oc, then Gal(M/K, X) (0 , ) = P[[e]]. 
Ira particular, if G is solvable, then r < 2. 



For proof of Theorem 3.9, refer to the appendix. From Theorem 13.91 and Lemma 
12.91 the differential Galois group is independent to the choice of the point (0,0). 
Moreover, from Lemma f2. 81 the structure of the group is also independent to the 
choice of the first integral lo. Hence, we can omit the point (0, 0) and the particular 
extension M, and simply say Gal(M/K,X) the differential Galois group of X over 
K. This group is determined by the equation of the operator X uniquely and 
will tel the insight of the integrability of the differential equation. 

4. LlOUVILLIAN INTEGRABILITY OF THE NONLINEAR DIFFERENTIAL EQUATION 

We are now at the point of proving the main theorem of this paper. 
4.1. Preliminary results of Galois theory. 

Definition 4.1. Let if be a (differential) field, M be an extension field of K, G be 
a set of isomorphisms of M, with K elementwise fixed. M is normal over K with 
respect to G if there are no elements of M\K that are fixed by all members of G. 

Obviously, we have 

Lemma 4.2. Let G be the differential Galois group of M = K(u>) over K with 
respect to X at (0,0), and H be a subgroup of G. Let 

H' = {a£ M\ aa = a, Ver G H}, 

then M is normal over H' with respect to H . 

Lemma 4.3. If K contains no first integral of X, then for any ui £ flj ^(X), 
M = K(uS) is normal over K with respect to Gal(M/K, X)r y 
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Proof. We only need to prove that for any a G M\K, there exists a G Gel(M/K , X) ( 0i o) , 
such that era 7^ a. 

Let a = p(ui) / q(ui) , with p(y),q(y) G !f{„4o(y)}- Non lost the generality, we 
assume further that p(y),q(y) are reduce with respect to the prime ideal A in 
Theorem 13 .71 Therefore, p(w) ^ 0, q(uo) ^ 0. Write p(y) and q(y) explicitly as 

p(y) = p( x , y, fey, • • ■ , f^y), 9(2/) = ?( x > 2/) fey> • • • 5 ^2 _1 y) 

where x = (xi,:^))?" = ord(A), and let 

M x > v) = p( x > y> fe?/) • • • ! <*2 -1 y) - a ( x M x , y-, fey ; • • • , <*2 -1 y) 

Taking account that q(ui) ^ 0, there exists x° G C 2 such that cj(x) is analytic at 
x°, and q(uj(x°)) ^ 0. Let c = (w(x°), • ■ • , (^^(x )) and x* in a neighborhood 
£/ of x° such that 

g(x*,c)^0 and ^4(x*,c)^0 
We claim that such x* always exists. If on the contrary, for any x G U, such that 

<7(x,c) ^0 

always have 

A(x, c) = p(x, c) — a(x)g(x, c) = 

then 

/ \ p(x,c) 

a X = ~, T G # 

g(x, c) 

which is contradict to the fact that a G M\K. 

Let c* = (w(x*, • ■ • , <52 _1 o;(x*)), and e to be an infinitesimal parameter, then 



and 

And hence 



g(x*,c*+e(c-c*))^0 
A(x*,c*+e(c-c*)) ^0 



p( X -,c. +e( c-c.))^ (j;i ^ 



g(x*, c* + e(c — c*)) 

By Theorem 18.91 it's not difficult to verify that when r ^ 0, there exists a G 
Gal(M/AT, AT) ( o,o) such that 

(<5»oxj)(x*) = c* + (a - c|)e (i = 0, 1, • • • ,r - 1) 

and therefore 

( aa)(x*)= p i x ^ c * +e i c - c *;; ^ a( x*) 

g(x*,c* + e(c - c*)) r v ; 
i.e., a a ^ a. The Lemma has been proved. □ 

In following Lemmas, we let L, N, M be extension fields of K, with M = K(u), 
K C L C N C M, and G = Gal(M/AT, A") (0 , 0) . Assume that N = L{u) with u 
satisfying SiU G L or 5jit/u G L, (i = 1,2). Then L' and AT' are subgroups of G, 
and AT" is a subfield of M. 

Lemma 4.4. ^4ny a E L' maps N into N" . 
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Proof. We have era = a for any a in L' and o in I. At first, assume that A = (u). 
If diU = at € L, [i = 1, 2), then 8i{o~u) — a,i, (i = 1, 2). Thus era = u + c(e) with 
c(e) G C[e], and therewith era G AT", which implies that crA C TV". The proof for 
the case Siu/u G A is similar by the fact that era = c(e)u with c(e) G C[[e]] for any 
cr in A'. □ 

Lemma 4.5. A' is a normal subgroup of L' , and L'/N' is Abelian. 

Proof. Let a G A', r G A', then era G A" for any a G A, and therewith r((7a) = era. 
Thus (cr -1 • r • a) a = er _1 (era) = a, and hence cr -1 • r • a G A'. This implies that 
A' is a normal subgroup of A'. 

Assume that A = L(u) with S^u G A (i = 1,2). By the proof of Lemma 
14.41 for any a G A', era = m + c(e) for some c(e) G C[[e]]. Thus, the subgroup 
H = {ct\n I cr G L'} is isomorphic to a subgroup of the addition group C[[e]] and 
hence Abelian. Consider the homomorphism from A' to H that maps a to er|jv- 
The kernel of the map is A', and the image is H. Thus, L'/N' is isomorphic to H 
and therefore Abelian. 

The case that N — L(u) with Siu/u 6l(j = l,2) can be proved similarly. □ 

From Lemma \'2 . 1 21 and 14 . 51 we have: 

Lemma 4.6. Let L,N,M be extension fields of K, with M = K(uj),N = L(u), 
and K C A C A C M . Assume further that A, A, A contain no first integral of X . 
We have 

(1) . if u is algebraic over A, then \L' /N'\ < [N : A]; 

(2) . if SiU G A or Siu/u G L (i = 1, 2), £/ien A' is a normal subgroup of V ' , and 

L'/N' is Abelian, 

where the subgroups L' and N' are defined as previous. 

Lemma 4.7. Assume that M — K{oj) is normal over L with respect to G. If for 
every a G G, there exist c(e) G C[[e]], such that 

au = uj + c(e), 

then M is a Liouvillian extension of K . 

Proof. For any a G G, we have 

<r(8iU}) = 5iOJ, (i = l,2). 

Since M is normal over A with respect to G, we have SiU) G K, (i = 1, 2), and M is 
a Liouvillian extension of A. □ 

Lemma 4.8. Assume that M = K(u>) is normal over K with respect to G. If for 
every a G G, there exist a(e),c(e) G C[[e]], such that 

aoj = a(e)u> + c(e), 
then M is a Liouvillian extension of K . 
Proof. For any a G G, we have 

<j(of w/M = %v/6iU, (i = 1, 2). 
Since M is normal over A with respect to G, there exist dj G A, such that 

<5j 2 w = ai^iW, (i = 1, 2). 



NONLINEAR DIFFERENTIAL GALOIS THEORY 



21 



Taking account that Xidiw + X282U) = 0, there exists /x G M such that Silu 
I1X2, 62^ — —jiX\, and hence 

5iH SxX 2 ^ T . 5 2 H 62X1 

=ai — - G K, = a 2 — - G K. 

fj, X 2 M x i 

Thus M is a Liouvillian extension of K, and 

K C JT( M ) C ^(w) = M. 



□ 

4.2. Proof of the Main Result and Applications. 
Theorem 4.9. Consider the differential equation 

, 4 ^£2 _ X 2 (xi, x 2 ) 

dxi Xi(a;i,a;2) 

where Xi(xi, X2), X 2 (xi, X2) are polynomials, and .Xi(0, 0) =^ 0. Let X fee i/ie di/- 
ferential field of rational functions, with constant field C. TTien (|4.1|) is Liouvillian 
integrable if, and only if the differential Galois group of (|4.1|l over K at (0, 0) is 
solvable. 

Proof. 1). If if contains a first integral of X, then G contains exclusively the 
identity mapping, and is solvable. 

Now, we assume that K contains no first integral of X, and X is Liouvillian 
integrable. Then there exists u> G fl} Q \(X) such that M = K(oj) is a Liouvillian 
extension of K. Upon the definition II 21 suppose that 

K = K CK 1 CK 2 (Z---C K m = M, 

with Ki + i = Ki(ui), where either Ui is algebraic over Ki or djUi G Ki or 5jUi/ui G 
Ki (j = 1, 2). Let G = G&\{M/K, X){= K'), G t = K[, [i = 1, 2, • • • , m), then 

G = G D G t D G 2 2 • • • 2 G m = {e}. 

By Lemma HTfl either |Gi/G;+i| < [K i+ i : Ki] < 00 or G; + i is a normal subgroup 
of Gi, and Gi/Gi+i is Abclian. Thus, G is solvable by definition 1 1.41 

2). If the differential Galois group of (|4.1|l over K at (0, 0) is solvable, by Theorem 
13.91 either K contains a first integral of X, or the Galois group has order r = 1 or 
r = 2. 

By Theorem 13.91 if r = 1, then there exists cu G f^ )(^0 and n£N such that, 
while let M = and G = Gal(M/i*T, X) (0j0) , 

G = {/(*; e) G G[[e]] I f(z; e) = »z + c(e), c(e) G C[[e]], c(0) = 0, M " - 1} 

Let 

G Q = {o~ <E G\ auj = u> + c(e), c(e) G C[[e]], c(Q) = 0} 

then Go is a subgroup of G, and |G/Go| = n. By Lemma [4.31 K — G' . Hence, 
according to Lemma \'2. 131 

[G : = [G : G'] < [G/G ] = n, 

it follows that G' Q is an algebraic extension of K. By Lemma 14.21 M is normal 
over G with respect to Go- Hence Lemma |4~7I is applicable and yields that M is a 
Liouvillian extension of G , and consequently a Liouvillian extension of K. 
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If r = 2, then there exists a first integral w G f!| 00 j such that, while let M = 
K{uj), and G = Gal{M/K, X) (0fi) , 

G = {f(z; e) G G[[e}] \ f(z; e) = a(e)z + c(e), c(0) = 0} 

Again, by Lemma 14.31 K = G' . Hence, Lemma 14.81 is applicable, and M is a 
Liouvillian extension of K. The Theorem has been proved. □ 

From the proof of Lemma l5.1H5.3l in next section, the explicit method to deter- 
mine the differential Galois group is given as follows. 

Theorem 4.10. Consider the differential equation Ijl.fijl . let 

B i = -X 1 6i +1 A, {i = 0,1,2) 

and r to be the order of the corresponding differential Galois group, 

(1) If r = 0, then K contains a first integral of X; 

(2) If r = 1, then there exists a G K,a 7^ 0, and n G N ; such that 

(4.2) X(a) = nB a 

(3) If r = 2, then there exists a G K , such that 

(4.3) X(a) = B a + B 1 

(4) If r = 3, then there exists a G K, such that 

(4.4) X{a) = 2B a + B 2 

(5) // \4--4\j has no rational solution, than r = 00. 
Following result is the immediate consequence of Theorem 14. 101 

Theorem 4.11. The differential Galois group of the Riccati equation 

dx 2 



■ p(xi)x 2 + q{xi)x2 + r(xi) 
dx\ 



has order r — 3. 



Theorem 14.111 presents another point of view that the Riccati equation is in 
general unsolvable by the quadrature method. On the other hand, from the proof 
of Lemma l5~3l if the order of the differential Galois group of a differential equation 
is 3, the first integral of the equation can be obtained by solving (j5.7|l . which have 
the form of Riccati equation. Hence, Riccati equation is important for integrating 
the differential equation. 

Lemma 4.12. Consider the van der Pol equation 

xi = x 2 - xi), 

(4.5) { 3 (/i ^ Q) 

x 2 = -xi 

The order of the differential Galois group of l|4.5|l is infinity. 
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Proof. Let 



Xi(xi,x 2 ) = x 2 - - xi), X 2 (x 1 ,x 2 ) = -xi, 



the equation (|4.4() for the van der Pol equation 14.5(1 reads 

(4.6) X^X(a) + 2xiX%a + 6xi = 

We will only need to prove the (|4.6|l has no rational function solution. If 1(4.6(1 has a 
rational function solution a = a\/a 2 , where oi, a 2 are relatively prime polynomials, 
then ai,a 2 satisfy 

Xf(a 2 X(ai) — a\X{a 2 )) — 2x\X\a\a 2 + Qx\a^ = 0. 

Hence, there exist a polynomial c(xi,x 2 ), such that 

(4.7) XfX{a 2 ) = ca 2 

(4.8) XfX(a 2 ) = (c-2x 1 Xf)a 1 -6x 1 a 2 

Let a 2 — X\b 2l where k > 0, b 2 is a nonzero polynomial and (62,-^1) = 1- Substi- 
tute a 2 into (|4.7|) yields 

XlX{b 2 ) + k,X\X(X x )b 2 = cb 2 . 

Thus, b 2 \XlX(b 2 ) and therewith b 2 \X(b 2 ), i.e., b 2 is either a constant or an invariant 
algebraic solution of 1(4.5(1 . However, it had known that the van der Pol equation 
has no invariant algebraic solution(|Hl GH|), and therefore b 2 must be a constant. 
Let 62 = 1 and consequently 

(4.9) a 2 = X?, c = kXlX(Xt). 
Substitute 14.9(1 into ((4.8(1 yields 

(4.10) XlX{a{) = (kX^X(Xi) - 2z 1 X 1 >i - 6xX%, (k > 0) 
Note that 

{kX(Xi) - 2xi) = -kfi(xf - l)Xi - (jfe + 2)xi 
and 1(4.10(1 become 

XfX(ai) = X\{-k[L{x\ - l)Xt - (Jfe + 2)x 1 )a 1 - Gx^. 

If k ^ 2, then Xi\(k + 2)x± for k > 2 or Xi|6a;i for k < 2, which are impossible. 
Hence, we conclude that k = 2. 
Let k = 2, i(4~TUjl become 



(4.11) 



Let 



(-2/i(x^ - l)(x 2 - " El)) ~ 4a;i) ai - 6x1. 



ai(xi,x 2 ) = y^^hj(x 2 )x\, 

where hi(x 2 ) are polynomials and h m (x 2 ) ^ 0. Substitute ai (£1,0:2) into 1(4.11(1 . 
and comparing the coefficient of x m+5 , we have 

^fi 2 mh m (x 2 ) = ^fj, 2 h m (x 2 ), 
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and hence m = 6. Comparing the coefficients of x\ (0 < i < 10), we obtain the 
equations satisfied by hi(x 2 ), i = 0, • • • ,6: 

= x 2 (-2fj,h (x 2 ) + x 2 hi(x 2 )) 

= 6 -2{-2 + ii 2 )h a {x 2 ) + 2x 2 2 h 2 (x 2 )~ X2h' (x 2 ) 

= 2fiX2h (x2) - (-4 + ^ 2 )hi(x2) + 2fj,X2h2(x2) + 3xlh 3 (x 2 ) — fj,h' (x2) — X2h' 1 (x2) 

= ^-h (x2) + ^ 2 hi(x 2 ) + 4:h 2 (x2) + 4:fiX2h 3 (x2) + Ax\h A {x2) - ^h' 1 (x2) - x 2 h' 2 (x2) 

= 2fi 2 hi(x 2 ) + -^p-h 2 (x2) + 4:h 3 (x 2 ) + y?hy,{x 2 ) + 6fix 2 h i (x 2 ) + 5xlh 5 (x 2 ) 

+ 2^0(^2) - ^h 2 (x 2 ) - x 2 h' 3 (x 2 ) 

= h-2fi 2 h a (x 2 ) + 4n 2 h 2 (x 2 ) + 12/14(12) + 6£t 2 /i 4 (x 2 ) + 2AfiX2h 5 (x 2 ) + 18xlh 6 {x 2 ) 
o 

+ fih' 1 (x 2 ) - 3/i/ig (x 2 ) - 3x2/14(0:2)) 
= i(-5^ 2 /ii(x 2 ) + 6^ 2 /i 3 (x 2 ) - 6^x2/14(^2) + 36/15(3:2) + 27fi 2 h 5 (x 2 ) + 90fiX2h 6 (x 2 ) 

y 

+ i^h' 2 {x 2 ) - 9fih' i (x 2 ) - 9x 2 h' 5 (x 2 )) 
= ~^-h 2 (x 2 ) ~ ^p-h 5 (x 2 ) + 4h e (x 2 ) + A^ 2 h & (x 2 ) + ^h 3 (x 2 ) - ^h' 5 (x 2 ) ~ X2h' 6 (x 2 ) 
= - -(m^3 (2:2 ) + 2/i/i 5 (x 2 ) + 6x2/16(2:2) - ^4(^2) + 3/ig(x 2 )) 
= -^(2^/i 4 (x 2 ) + 12/x/i 6 (x 2 ) -3h' 5 {x 2 )) 
- -|(M/i 5 (^)- 3ti 6 (x 2 )) 
The equations reduce to 

x 2 (3x 2 h' 5 (x 2 ) - 2fih' 4 (x2)) = 2fi 3 , 

which is impossible since h A (x 2 ) and h^(x 2 ) are polynomials. The contradiction 
conclude that Q4.6[l has no rational function solution, and hence the order of the 
differential Galois group of the van der Pol equation is infinity. □ 

5. Proof of Theorem 13.91 

Before giving the proof of Thcorcm l3.9l we introduce some notations as following. 
Let Si — -g^r, 82 = y be an indeterminate over K, and denote S\y by yi 

(yo = y)- Let 

X = X1S1 + X 2 S 2 , S 2 X — (5 2 Xi)Si + (S 2 X 2 )S 2 
X = X1S1 + x 2 s 2 + x ^)^-_ 

B = -XiS 2 A, B l =XiS 2 (^) = -XiS l 2 +1 &), i=l,2,-.. 

Ai Ai Ai 

Let F(y) G K{A (y)} : we write 

F(y) ~ R(y) 

if R(y) G K{Ao(y)} such that -F(i/) — R(y) is contained in {A'(y)}, the differential 
ideal generated by X(y). 
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Let n = (ni, n^, ■ ■ ■ , n r ) 6 Z* r , define d\ and b\ for 1 < i < j by 

d?(n) = (ni, • • • ,nj_i + 1, • • ■ , rij ;- 1, • • • ,n r ) 

&?(n) = (»!,••• ,n^_j-l, ••• ,71^ + 1, ••• ,n r ) 

Then &?(<2?(dl)) = n. Let n, m £ Z* r , the degree of n is higher than that of m, 
denoted by n > m, if there exists 1 < k < r such that > and 

m — m j, i = k + 1, • • • , r. 

We say n y m if there exist 1 < i < j such that 

(n) = m 

It is evident that when 1 > i > j, 

(5.1) y i (n)>n>di(n) 

(5.2) di(n)ynybi(n) 

Let A be the regular prime ideal of QDP that corresponds to the differential 
Galois group in Theorem 13.71 and assume that ord(A) = r. Let A in A with the 
lowest rank and therewith irreducible. Denoted A as 

A(x 1 ,x 2 ,y,yi, ■■■ ,y r ) = ^A m {x 1 ,x 2 ,y)yT 1 ■■■y? r 

m 

and let 

2A = {meZ* r | A m ^0}. 
By n we will always denote the element in Ta with the highest degree. We can 
assume further that A n — 1 and therefore the coefficients A m are rational functions. 
For any m £ Ta, let 

(5.3) V(m) — {p e Ta \ ^(p) = m for some 1 < i < j} 

and #(m) = |"P(m)|. A subset Ja Q Ta is closed if for every m G Ja, p ^ m 
implies p e Ja- It's obvious that 1^ and {n} are closed. 

The complete proof of Theorem 13. 91 is followed from several Lemmas. The proof 
will be done by showing that all possible structures of Ta are, besides the cases 
r = and r = oo, 

(a) , r = 1, and Ta — {n, 0}; 

(b) . r = 2, and X A = {(0, 1), (1, 0)}, with 

(0,1) >- (1,0) 

(c) . r = 3, and 

T A = {(1,0,1), (0,2,0), (2, 0,0)} 

with 

I— 

I Y 

Y (1,1,0) -< (0,2,0) 

I Y 
' — (2,0,0) 
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Here (1, 1, 0) is an auxiliary index with An^m = 0. 
The now chart of the proof is given at Figure Q 



Lemma 15.81 




Lemma 15.71 - 




Lemma 15.51 




Lemma 15.41 
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Lemma 15. 91 




Lemma 15.12 





Lemma 15.11 




Lemma 15. 21 














Lemma 15.61 




Lemma 15 . 1 1 






Lemma 15.31 










Lemma l5~T51 










Lemma 12.91 




Theorem El 



Figure 1. Flow chart of the proof of Theorem |3. 91 



Lemma 5.1. Ifu^O satisfies 
(5.4) Xu = B Q u 

then there exists a first integral to of X such that 

5 2 UJ = u. 

Proof. Upon (|5.4() . we have 

X 2 

X 1 S 1 u + X 2 S2U = B u = — Xi<5 2 ( — )u 



-x 



l 

S 1 u+^-S 2 u = -S 2 {^-u) 

Siu = -5 2 (^ru - -rrS 2 u) 

Ai Ai 

Let v — — j^u, then the 1-form vdx\ + uolx 2 is closed, and 



uj(xi,x 2 ) = / vdx\ + udx 2 

J(o,o) 

is a first integral of X , with 6 2 lu = u. 



Lemma 5.2. If there exists u satisfying 

(5.5) Xu = B u + B 1 

then X has a first integral ui such that 
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Proof. From Q5.5|) . we have 

XiSiu + X2S2U 
5\u 

Thus, let 



-XidAu + XidA 

x , x 2 b q 



X2 B { 

~xT ' Xl 



then wdzi + uiia^ is a closed 1-form. Let 



77(2:1, £2) = exp 



(11,12) 



vdxi + udx2 



(0,0) 



then 



X{rj) = ry^i- + X 2 u) - t](Xi{-^-u + ^) + X 2 u) = B n 



By Lemma f5. II there exists a first integral ui of X such that 

S 2 uj = r), 

and therewith 

%u _ 
S20-1 

The Lemma is concluded. 

Lemma 5.3. If there exists u satisfying 

(5.6) Xu = 2B u + B 2 

then X has a first integral u of X such that 



25 2 uj ■ <5fw - 3(tffw) 2 
(W 



Proof. From l)5.fi[l . we have 



X\5\u + X2S2U 
X 2 



8iu 



x, 



82U = 



-2X 1 6 2 Au-X 1 6l&) 

X\ Ai 
A l Ai 



.X* 



Xo 



,Xi 



25 2 (-^)u-^5 2 u-S* 2 (-^) 



"X 1 



'X l 



Xi 

X2 



Xi 



Consider the partial differential equations 

&2W = u 

X2, 



(5.7) 



5\w 



a 
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We have 
S1S2W = 



Si(u + -w 2 ) 
5\u + wSiw 



X 2 



x x 

,Xo 



x 1 

Xo 



,x 2 



X 2/X2, X 2 x ,X 2 1 J2, 2 



8 2 8xw = 82 



Xi ' X x 
,i{X<z, X 2 

Ai Ai 

x 2 , x ,x 2 

x-y^xi 

A 2 \ j. / X 2 



-5l{^)-8 2 {-±u) 



v xy 



x 2 



Xl Xl 

1 / X% . 2 

"2 ( aT )w 

^2(^)<52W 



,A- 2 



1,X 2 



lr 2 



X2 



2 V AY 



w8 2 w 



1 



Xi 

,*3 



^1" 



'Xx' 



Xx' 

x 2 



l x ,X 2 2 X 2 

2° 2 ^x' - ^r-^(u- 



X 2 



= Si(^) S 2 (-^u) S 2 (-±)u + -± u «, - <5 2 (^K - o(^)^ 



,A- 2 



'Xx 



2X, 



Therefore, Ji^w = 8 2 8xw, and the equations 
at (0,0). Let 



have a solution w that is analytic 



then 



8 2 v 



, , A^2 x , Ao . 



Sxw 



X2, 
Xx 

Xx' 
■Xa, 
Xx' 



Ai Ai 

Ai Ai 
(^) w -^2(^)w 



2 ; 
1 / X 2 . 2 
2 ( X^ 



Therefore, udxi + wdx 2 is a closed 1-forni. Let 



uj 2 = exp 



(0,0) 



than 



vdxx + wdx 2 



ujx 



X2 
Xx 



U2, 



SxOJ 2 

S 2 ujx 



LU 2 V 



,x 2 



,Xo 



-8 2 { — )uj 2 - (— )S 2 uj 2 



^2{-8 2 {-^) 



X 2 8 2 ui 2 , 

A^^T' 



/ x /X 2 X 2 
u 2 {-8 2 { — ) - — w) 

Ai Ai 
CJ2f = 8xU>2 
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Hence, to — u>idxi -\-0J2dx2 is well defined, and a first integral of X at (0, 0). 

It is easy to verify that 

25 2 uo ■ 5|w - 3((5|w) 2 _ 

The proof is completed. □ 

Lemma 5.4. (1) S 2 X = - B 5 2 ; 

(2) X(y 3 ) = 5 2 {X{ yj _ x )) - (^l)X ( yi _i) + Boy,; 



Proof. (1). 



<5 2 X = ((5 2 Xi)5i + (<5 2 X 2 )(52 



(5 2 Jt"i -X" 2 

— — (Xi^i + X 2 S 2 ) - —(S 2 Xi)S 2 + (5 2 X 2 )S 2 

X\ Al 

<J2^1 „ „ X1O2X2 — X 2 2 Xi 
A + Ai ^ Oo 



-X - B S 2 



(2). 



X( Vj ) = ^Ife.!))-^)!,,.! 

= 5 2 (X(y i _ 1 ))-(^X-B 52)(y J -- 1 ) 

= 5 2 {X{y^ x )) - **g±X( yj - X ) + Bohfa-t) 

= 5 2 (X(y j _ 1 ))-( S -^)X(y j . 1 )+B y j 



Lemma 5.5. 

(5.8) X(y j ) ~ a 3i B iVj-i 



i=0 



where ciji are constants, with ajo = j . 
Proof. By Lemma 15.41 when j = 1, 



□ 



= 5 2 (x( yo )) - (Mi)x(t/ ) + B02/1 ~ s yi 
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which is the desired H5.8J) with aio = 1. Assume that Ij5.8|l is valid for j = k, and 
ciko = k, then by Lemma 15.41 

X(y k+1 ) = S 2 (X(y k ))-( S -^)X(y k )+B Q y k+1 

~ <5 2 (^ CLkiBiVk-i) - (~^~)(y^ a ki Biy k -i) + B y k+1 

i=Q 1 i=0 

= E a ki ((S 2 B l )y k ^ l + Bi5 2 yk-i) - E a fc» ^ 1 B iVk-i + B y k+ i 

i=0 i=0 1 

= E afei f {foBi ——Bi)y k -i + Biy k - l+1 J + B y k+1 

k — 1 

= (a k Q + l)B y k+1 + VVdfciXL^-r^-) + a kii+1) B i+1 )y k ^i + a k{k _ 1 )X 1 S 2 (—r^)yi 

1=0 
fe-2 

= (a fc0 + l)B y fe+ i + ^(a ki + a k{i+1 ^)B i+1 y k _i + a fc(fc _ 1) B fc t/i 

i=0 

k 

= 22 a {k+i)jBiy k +i-i 

where 

a (fe+i)o = a fco+l = k+l, ci(fc+i)i = afe(i-i)+afeij (1 < i < fc— l)i a(k+i)fc = a fe ( fe _i) 
Therefore, the Lemma has been proved. □ 

Lemma 5.6. Let m G Z* r , and define 

(5.9) C( m ) = WH + 2m 2 + • • • + rm r 

7/m >- p, thenC(m) > C(p). In particularly, if d\{va) — p, tfton C(m)-C(p) = i. 
Proof. Let (m) = p, then 

C(m) - C(p) = (j - tymj-i+jnij ~ ((j - i){m J ^ l + l)+j(mj - 1)) = i. 

□ 

Lemma 5.7. Let P = ^t/^ 1 • • • y™', then 

f—1 r 

X(P) ~ (X(A m ) + C(m) J B A m )y m + E E ™;%^my d ' (m) 
where y rn = y mi - • • y™ r . 
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Proof. By Lemma 15.51 we have 

dy 



r)A r 
X(P) = X(A m )y m + —^y m X(y) + A m J2^yT 1 ---yT 3 ~ 1 ---yT r X(y J ) 



3=1 

j=l i=0 



*(A m )y m + A m B (E m,a j0 )y" 



3=1 

r 3-1 



mi mj_i+l m,-— 1 m 

"■y, • • • .'/, 



+ Am EE m J a ji^yi 11 ■ ■ ■ vT-i s 

3=1 »=1 

r — 1 r 

= (X(A m ) + C(m)B A m )y m +E E m^B^y^" 1 ) 

i=l .7=1+1 

and the Lemma is concluded. □ 

Lemma 5.8. Let A 6 A wi£/i £/ie lowest rank and r = ord(A) > 1. Lei n G X4 ot£/j 
£/ie highest degree and A n = 1, £/ien /or any m < n, 

r — 1 r 

(5.10) *(A m ) = (C(n) - C(mj)B A m - E E i m i + ^^(m) 

where A m = ifva^lA- 
Proof. Let 

By Lemma 15.71 we have 

x(A) = X ^y m ) 

(r — l r 
(X(A m ) + C(m)B A m )y m + Y, E '"/"/-^ l.n.y" " 
i— 1 j= i+1 

(r — 1 r \ 
(X(A m ) + C(m)B A m ) + E E K + l)«Ji fl i^(m) y m 
2= 1 J 

Note that for any j > i, &?(n) > n and thus 6^(n) ^ Ta, i.e., ^>( n ) = 0. Taking 
account that A a = 1, we have 

X(A) - C(n)B A = J2 { X ( A ™ + ( C ( m ) - C(n))B A m ) 

in < n 

r—l r—l 

+ E E K- + iK^Af(m))y m 

i— 1 j=i-|-l 

Thus, we obtain AT (A) — C(n)£?o^4 that is contained in A and has lower rank than 
A. But A is the element in A with the lowest rank, as we have assumed, therefore 
X(A) - C(n)B A = 0. Thus l(5~TUjl is followed for all m < n. □ 
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From Lemma 15.81 we have 

Lemma 5.9. // 'P(m) = {pi, • • • , pfe} ; and df (p;) = m, (I = 1, 2, • ■ • , k), then 
the coefficients A pi , A m satisfy 

k 

(5.11) X(A m ) = (C(n) - C(m))B A m - + lJo^Ap, 

i=i 

Remark 5.10. Since the differential operator X is independent to y, we can always 
assign y in (|5.11() as a constant and assume that the coefficients -4 Pi ,-4 m G K. 
Hence, we will always assume that the coefficients A m G K. 

Lemma 5.11. Let A G A with the lowest rank and r = ord(A) > 1. Let n G I a 
with highest degree. Then for any m G I a, #( m ) = if, and only if C(m) — C(n). 
Furthermore, i/#(m) = ; then A m is a constant. 

Proof At first we will prove that if #(m) = 0, then C(m) = C(n). If #(m) = 0, 
by Lemma 15.91 we have 

X(A m ) = (C(n) - C(m))B A m 
If C(m) ^ C(n), let n = C(n) - C(m), then 

X(AV«) = B„4> 
From Lemma 15. II there exists a first integral w of AT such that 

5 2 u = AV» 

And hence 

y™ - -4m G A 

i.e., r = 1, contradict. Thus, we have prove that C(m) = C(n). 

Now, we will prove that if C(p) = C(n), then #(m) = 0. If on the contrary, 
#(m) > 0, then there exists p G V(m), and by H5.1|l . C(p) > C(m) = C(n). On 
the other hand, there exist Pi, • ■ • , Pfc, such that 

pi y ■ ■ ■ y Pk = p 

and #(pi) = 0. Therefore C(p) = C(n). It is easy to have C(p) = C(p/c) < • • ■ < 
C(Pi) — C( n ); which is contradict, and the statement is concluded. 

If #(m) = 0, then C(n) = C(m), and by ll5~TTTl . X(A m ) = 0. But ord(A) > 0, 
it follows that A m is a constant. □ 

Lemma 5.12. Let A G A with the lowest rank and r = ord(A) > 3. Assume that 
J A —\ T-a is closed, and m = (m\,mi, ■ ■ ■ ,m r ) G J a with the highest degree, then 
m,2 = 0. 

Proof. If on the contrary, ui2 > 0, let p = d\(m) = (mi + 1, m-i — 1, m^, ■ ■ ■ , m r ). 
It is easy to verify that P(p) = {m} by (1) d1(m) = V and (2) if any other m' 
such that G^(m') = p, then m' > m. Hence, we have 

( X(A m ) = (C(n)-C(m))B Q A m 
1 ' \ X(A p ) - B A p - m 2 a 21 B 1 A m 

We conclude from H5.12(l and Lemmas 15.11 and 15.21 that either r = (if C n = C m 

and A m is not a constant) or r = 1 (if C n ^ C m ) or r = 2 (if C(n) — C(m) = 
and A m is constant), contradict with the assumption r > 3. □ 
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Lemma 5.13. Assume that K contains no first integral of X, and let r to be the 
order of the differential Galois group of X, 

(1) If r = 1, then there exists a first integral lj of X, and n £ N, such that 

{8 2 Lj) n e K 

(2) If r — 2, then there exists a first integral lj of X , such that 

5\oj/5 2 lj 6 K 

(3) If r = 3, then there exists a first integral lj of X , such that 

25 2 u • 5fw - 3(<5|w) 2 



(8 2 Ljf 

(4) Ifr^oo, then r < 3. 



e K 



Proof. Let A to be the regular prime ideal of QDP that corresponds to the dif- 
ferential Galois of X, and A 6 A with the lowest rank, n s I a with the highest 
degree. 

(1) . If r = 1, assume that 

A = yl + A^- 1 + ■■ ■ + A n 

From Lemma 15.91 

X(A n ) = nB a A n 

i.e., 

X(Al/ n ) = B A l J n . 

By Lemma f5.ll and A n ^ (because A is irreducible), there exists a first integral 
u> of X such that 

5 2 u, = Al/ n 

i.e., 

(8 2 uj) n = A n e K. 

We have applied the Remark I5.1UI to assume that A n 6 X. 

(2) . If r = 2, let n = (m,n 2 ) andm = c^(n) = (ni+l, n 2 -l), thcnT'(m) = {n}. 
Thus, by Lemma 15.91 and Lemma 15.61 we have 

X(A m ) = B Q A m - n 2 a 21 Bi 

i.e., 

X(-^-) = B (—^-)+B 1 
n 2 a 2 \ -n 2 a 2 i 

Apply Lemma T5. 21 there exists a first integral lj, such that 

<5|w _ A m K 
S 2 lj n 2 a 21 

(3) . If r = 3, and let n = (m, n 2 ,n^). By Lemma f5. 121 we have n = (ni,0,Ti3). 
Let 

P = d i( n ) = - 1), 

q = 4(n) = (ni + 1,0, n 3 - 1), 
m = &i(p) = (ni - 1, 2, n 3 - 1). 
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It is easy to have C(m) = C(n). Therefore, by Lemma [5.111 A m is a constant. 
Furthermore, we have V(p) = {n, m} and V(q) = {n, p}. By Lemma T5. 91 

(5.13) X(A p ) = B A p -(n 3 a 31 A n + 2a 21 A m )B 1 

(5.14) X(Aq) = 2B Q A Ci - n 3 a 32 A n B 2 - a 21 A p 

Taking account that A n and A m are constants, and r = 3, we conclude that 
n 3 a 3 \A n + 2a 21 A m — and ^4 p = 0. Or else, we should have r = 2 by the 
similar discussion in (2). Let A p = and A n = 1 in (| B . 1 4|) . we have 

X(-^-) = 2B (~^-)+B 2 

n 3 a 32 n 3 a 32 

By Lemma f5. 31 there exists a first integral ui of X such that 
2S 2 uj ■ 5%oj - 3(<5fw) 2 _ Aq 
(5 2 lu) 2 n 3 a 32 

and (3) has been proved. 

(4). If on the contrary, assume that 3 < r < oo. Upon Lemma [5.121 we can 
write n = (rii, 0, n 3 , • • • , n r ). Let 

m = dx(n) = (ni,0,ri3, • • • ,n r _i + l,n r - 1) 

P = &?(m) = (m - 1, l,ri 3 , • • • ,n r _i + l,n r - 1) 

q = rfi _1 (p) = (ni - 1, l,n 3 , • • • ,?v_ 2 + l,«r-i,?V - 1) 

then C(p) = C(n) and therewith #(p) = by Lemma [5.111 Let J a to be the 
minimal closed subsystem of I a containing q, then p S J7a with the highest degree. 
However, p 2 = 1 ^ 0, which is contradict to Lemma 15.121 Thus, we concluded that 
either r — oo or r < 3. □ 

Finally, Theorem 13. 91 is concluded from Lemma f5. 131 and Lemma |2~§1 
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